Abstract. In this article, we are concerned with long-time behaviour of solutions to a semi-classical Schrödinger-type equation on the torus. We consider time scales which go to infinity when the semi-classical parameter goes to zero and we associate with each time-scale the set of semi-classical measures associated with all possible choices of initial data. We emphasize the existence of a threshold : for time-scales below this threshold, the set of semi-classical measures contains measures which are singular with respect to Lebesgue measure in the "position" variable, while at (and beyond) the threshold, all the semi-classical measures are absolutely continuous in the "position" variable.
1. Introduction
The Schrödinger equation in the large time and high frequency régime.
This article is concerned with the dynamics of the linear equation (1) ih∂ t ψ h (t, x) = H(hD x )ψ h (t, x) , (t, x) ∈ R × T d , ψ h |t=0 = u h , on the torus T d := (R/2πZ) d , with H a smooth, 1 real-valued function on (R d ) * (the dual of R d ), and h > 0. In other words, H is a function on the cotangent bundle T *
that does not depend on the first variable, and thus gives rise to a completely integrable Hamiltonian flow. We are interested in the simultaneous limits h → 0 + (high frequency limit) and t → +∞ (large time evolution). Our results give a description of the limits of sequences of "position densities" |ψ h (t h , x)| 2 at times t h that tend to infinity as h → 0 + . To be more specific, let us denote by S t h the propagator associated with H(hD x ): S 1 For the sake of simplicity, we shall assume that H ∈ C ∞ R d . However the smoothness assumption on H can be relaxed to C k , where k large enough, in most results of this article.
such that lim inf h→0 + τ h > 0 (actually, we shall be mainly concerned in functions that go to +∞ as h → 0 + ). Consider a sequence of initial conditions (u h ), normalised in L 2 (T d ): u h L 2 (T d ) = 1 for h > 0, and h-oscillating in the terminology of [15, 17] , i.e.: (2) lim sup the unitary character of S t h implies that ν h ∈ C R; P T d . 2 To study the long-time behaviour of the dynamics, we rescale time by τ h and look at the time-scaled probability densities: (3) ν h (τ h t, dx) .
When t = 0 is fixed and τ h grows too rapidly, it is a notoriously difficult problem to obtain a description of the limit points (in the weak- * topology) of these probability measures as h → 0 + , for rich enough families of initial data u h . See for instance [31, 30] in the case where the underlying classical dynamics is chaotic, the u h are a family of lagrangian states, and τ h = h −2+ǫ . In completely integrable situations, such as the one we consider here, the problem is of a different nature, but rapidly leads to intricate number theoretical issues [25, 24, 26] .
We soften the problem by considering the family of probability measures (3) as elements of L ∞ R; P T d . Our goal will be to give a precise description of the set M (τ ) of their accumulation points in the weak- * topology for L 
for every real numbers a < b and every χ ∈ C T d . In other words, we are averaging the densities |S t h u h (x)| 2 over time intervals of size τ h . This averaging, as we shall see, makes the study more tractable.
If case (4) occurs, we shall say that ν is obtained through the sequence (u hn ). To simplify the notation, when no confusion can arise, we shall simply write that h −→ 0 + to mean that we are considering a (discrete) sequence h n going to 0 + , and we shall denote by (u h ) (instead of (u hn )) the corresponding family of functions. Remark 1.1. When the function τ is bounded, the convergence of ν h (τ h t, ·) to an accumulation point ν (t, ·) is locally uniform in t. Moreover, ν can be completely described in terms of semiclassical defect measures of the corresponding sequence of initial data (u h ), transported by the classical Hamiltonian flow φ s : T * T d −→ T * T d generated by H, which in this case is completely integrable. Explicitly, φ s (x, ξ) := (x + sdH(ξ), ξ). This is nothing but a formulation of Egorov's theorem (see, for instance, [11] ). Consider for instance, the case where the initial data u h are coherent states : fix ρ ∈ C Then ν h (t, ·) converges, for every t ∈ R, to:
When the time scale τ h is unbounded, the t-dependence of elements ν ∈ M (τ ) is not described by such a simple propagation law. From now on we shall only consider the case where τ h −→ h−→0
+∞.
The problem of describing the elements in M (τ ) for some time scale (τ h ) is related to several aspects of the dynamics of the flow S t h such as dispersive effects and unique continuation. In [4, 22] the reader will find a description of these issues in the case where the propagator S t h is replaced by the semiclassical Schrödinger flow e iht∆ corresponding to the Laplacian on an arbitrary compact Riemannian manifold (corresponding to H(hD x ) = −h 2 ∆ in the case of flat tori). In that setting, the time scale τ h = 1/h appears in a natural way, since it transforms the semiclassical propagator into the non-scaled flow e ihτ h t∆ = e it∆ . The possible accumulation points of sequences of probability densities of the form |e it∆ u h | 2 depend on the nature of the dynamics of the geodesic flow in the manifold under consideration. Even in the case that the geodesic flow is completely integrable, different type of concentration phenomena may occur, depending on fine geometrical issues (compare the situation in Zoll manifolds [20] and on flat tori [21, 3] ). When the geodesic flow has the Anosov property, the results in [5] rule out concentration on sets of small dimensions, by proving lower bounds on the Kolmogorov-Sinai entropy of semiclassical defect measures.
Semiclassical defect measures.
Our results are more naturally described in terms of Wigner distributions and semiclassical measures (these are the semiclassical version of the microlocal defect measures [16, 32] , and have also been called microlocal lifts in the recent literature about quantum unique ergodicity, see for instance the celebrated paper [19] ). The Wigner distribution associated to u h (at scale h) is a distribution on the cotangent bundle T * 
where Op h (a) is the operator on L 2 (T d ) associated to a by the Weyl quantization. The reader not familiar with these objects can consult the appendix of this article. For the moment, just recall that if χ is a smooth function on T *
* that depends only on the first coordinate, then (6)
The main object of our study will be the (time-scaled) Wigner distributions corresponding to solutions to (1):
, and is uniformly bounded in that space as h −→ 0
Thus, one can extract subsequences that converge in the weak- * topology on
In other words, after possibly extracting a subsequence, we have
The set of limit points thus obtained, as (u h ) varies among normalised sequences, will be denoted by M (τ ). We shall refer to its elements as (time-dependent) semiclassical measures.
Moreover
and identity (6) is also verified in the limit : if ν (t, ·) is the image of µ (t, ·) under the projection map
for every a < b and every χ ∈ C ∞ T d . Therefore, M (τ ) coincides with the set of projections onto x of semiclassical measures in M (τ ) corresponding to h -oscillating sequences (see [15, 17] ). It is also shown in the appendix that the elements of M (τ ) are measures that are invariant by the Hamiltonian flow φ s :
1.3. Regularity of semiclassical measures. The main results in this article are aimed at obtaining a precise description of the elements in M (τ ) (and, as a consequence, of those of M (τ )). We first present a regularity result which emphasises the critical character of the time scale τ h = 1/h in situations in which the Hessian of H is non-degenerate, definite (positive or negative). 
The proof in [3] extends to the (t, x)-dependent Hamiltonian |ξ| 2 +h 2 V (t, x) with V continuous except for points forming a set of zero-measure. Recently, this has been extended in [7] to more general perturbations of the Laplacian (allowing for potentials V ∈ L ∞ (R×T d )) by means of an abstract argument that uses the result in [6, 3] for V = 0 as a black-box. In fact, the proof of the result in [7] applies to our context. Remark 1.5. Theorem 1.2 and [7] imply that statement (2) of Theorem 1.2 also holds for sequences of solutions to the Schrödinger equation corresponding to the perturbed Hamiltonian H(hD x ) + hτ
of the perturbation is in some sense optimal; in Section 4.3 we present an example communicated to us by J. Wunsch showing that absolute continuity of the elements of M (1/h) may fail in the presence of a subprincipal symbol of order h β with β ∈ (0, 2) even in the case H (ξ) = |ξ| 2 .
Theorem 1.2(2) admits a microlocal refinement, which allows us to deal with more general Hamiltonians H whose Hessian is not necessarily definite at every ξ ∈ R d . Given µ ∈ M (τ ) we shall denote byμ the image of µ under the map π 2 : (x, ξ) −→ ξ. It is shown in the appendix thatμ does not depend on t (it can be obtained asμ = (π 2 ) * µ 0 , where the measure µ 0 is an accumulation point in
).
Theorem 1.6. Let µ ∈ M (1/h) and denote by µ ξ (t, ·) the disintegration of µ(t, ·) with respect to the variable ξ, i.e. for every θ ∈ L 1 (R) and every bounded measurable function f :
Then forμ-almost every ξ where d 2 H(ξ) is definite, the measure µ ξ (t, ·) is absolutely continuous.
Let us introduce the closed set
The following consequence of Theorem 1.6 provides a refinement on Theorem 1.2(2), in which the global hypothesis on the Hessian of H is replaced by a hypothesis on the sequence of initial data.
Then ν is absolutely continuous with respect to dtdx.
We show in Section 4.2 that absolute continuity may fail for the elements of M (1/h) when H (ξ) = |ξ| 2k , k ∈ N and k > 1; a situation where the Hessian is degenerate at ξ = 0.
1.4. Second-microlocal structure of the semiclassical measures. Theorem 1.6 is a consequence of a more detailed result on the structure of the elements of M (1/h). We follow here the strategy of [3] that we adapt to a general Hamiltonian H(ξ). The proof relies on a decomposition of the measure associated with the primitive submodules of (Z d ) * . Before stating it, we must introduce some notation.
Given such a submodule we define:
We note that I Λ \ C H is a smooth submanifold. We define also
stand for the Fourier coefficients of u). Given a ∈ C certain directions. The ρ Λ are obtained by a process of successive two-microlocalizations along nested sequences of submanifolds in frequency space; this process gives an explicit construction of µ in terms of the initial data. This two-microlocal construction is in the spirit of that done in [29, 12, 13] in Euclidean space. We also refer the reader to the articles [33, 34, 35] for related work regarding the study of the wave-front set of solutions to semiclassical integrable systems. Remark 1.9. The arguments in Section 6.1 of [3] show that Theorem 1.6 is a consequence of Theorem 1.8. Therefore, in this article only the proof of Theorem 1.8 will be presented. Remark 1.10. Theorem 1.8 holds for the time scale τ h = 1/h. If τ h ≪ 1/h, the elements of M (τ ) can be described by a similar result (see Section 3.3) involving expression (9) . However, the propagation law appearing in the formula replacing (10) involves classical transport rather than propagation along a Schrödinger flow, and as a result Theorem 1.2 (2) does not hold for τ h ≪ 1/h.
When the Hessian of H is constant Theorem 1.8 gives a complement to the results announced in [3] (where the argument was only valid when the Hessian has rational coefficients). The statement is as follows.
In fact, Σ Λ := ρ Λ (I Λ ), where ρ Λ is given by Theorem 1.8.
Comparing the special case (11) to the general case (9) , (10), we see that in the former case the propagation law involve the constant propagator e itH(Dx) , whereas in the latter case we need a "superposition" of propagators e − it 2 d 2 H(σ)Dy ·Dy depending on σ ∈ I Λ . 1.5. Hierarchy of time scales. In this section, we present a more detailed discussion on the dependence of the set M (τ ) on the time scale τ ; we shall also clarify the link between the time-dependent Wigner distributions and those associated with eigenfunctions. Eigenfunctions are the most commonly studied objects in the field of quantum chaos, however, we shall see that they do not necessarily give full information about the timedependent Wigner distributions.
A particular case of our problem is when the initial data (u h ) are eigenfunctions of H (hD x ). We note that the spectrum of H (hD x ) coincides with H hZ d ; given E h ∈ H hZ d the corresponding normalised eigenfunctions are of the form:
In addition, one has:
independently of (τ h ) and t. Let us denote by M (∞) the set of accumulation points in P T d of sequences |u h | 2 where (u h ) varies among all possible h-oscillating sequences of normalised eigenfunctions (12) . Denote by M av (τ ) the subset of P T d consisting of measures of the form: 
Remark 1.13. As a consequence of Theorem 1.2(2) we obtain that all eigenfunction limits M (∞) are absolutely continuous under the definiteness assumption on the Hessian of H.
A time scale of special importance is the one related to the minimal spacing of eigenvalues : define (13) τ
It is possible to have τ H h = ∞: for instance, if H (ξ) = |ξ| α with 0 < α < 1 or H (ξ) = ξ · Aξ with A a real symmetric matrix that is not proportional to a matrix with rational entries; 6 in some other situations, such as H (ξ) = |ξ| α with α > 1, (13) is finite :
This result is a consequence of the more general results presented in Section 5. Note that Proposition 1.14 allows to complete the description of M (τ ) in the case H (ξ) = |ξ| 2 as the time scale varies.
Note that in this case the regularity of semiclassical measures can be precised. The elements in M (∞) are trigonometric polynomials when d = 2, as shown in [18] ; and in general they are more regular than merely absolutely continuous, see [1, 18, 28] . The same phenomenon occurs with those elements in M (1/h) that are obtained through sequences whose corresponding semiclassical measures do not charge {ξ = 0}, see [2] .
1.6. Organisation of the paper. The key argument of this article is a second microlocalisation on primitive submodules which is the subject of Section 2.2 and leads to Theorems 2.4 and 2.5. In Section 3, successive microlocalisations allow to prove Theorem 1.8 and Theorem 1.2(2) when τ h ∼ 1/h. Examples are developed in Section 4 in order to prove Theorem 1.2(1). Finally, the results concerning hierarchy of time-scales are proved in Section 5 (and lead to Theorem 1.2 for τ h ≫ 1/h).
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2. Two-microlocal analysis of integrable systems on T d 2.1. Invariant measures and a resonant partition of phase-space. As in [3] , the first step in our strategy to characterise the elements in M (τ ) consists in introducing a partition of phase-space T * T d according to the order of "resonance" of ξ, that induces a decomposition of the measures µ ∈ M (τ ). We say that a measure
Recall that L is the family of all primitive submodules of (Z d ) * and that with each Λ ∈ L, we associate the set I Λ defined in (7): if
, the set of resonant vectors of order exactly j, that is:
where
Note that the sets Ω j form a partition of (R d ) * , and that Ω 0 = dH −1 ({0}); more generally, ξ ∈ Ω j if and only if the Hamiltonian orbit {φ s (x, ξ) :
j=0 Ω j is usually called the set of resonant momenta, whereas
\ Ω is referred to as the set of non-resonant momenta. Finally, write
Saying that ξ ∈ R Λ is equivalent to any of the following statements:
dt converges weakly, as T → ∞, to the Haar measure on the torus x 0 + T Λ ⊥ . Here, we have used the notation
that is, the sets R Λ form a partition of (R d ) * . As a consequence, any measure µ
Therefore, the analysis of a measure µ, reduces to that of µ⌉ T d ×R Λ for all primitive submodule Λ. Given an H-invariant measure µ, it turns out that µ⌉ T d ×R Λ are utterly determined by the Fourier coefficients of µ. Indeed, define the complex measures on R d :
so that, in the sense of distributions,
Then, the following Proposition holds.
is a finite, positive Radon measure on T * (16) is a positive H-invariant measure, and
Besides, identity (17) is equivalent to the fact that µ⌉ T d ×R Λ is invariant by the translations
The proof of Proposition 2.1 follows the lines of those of Lemmas 6 and 7 of [3] . We also point out that this decomposition depends on the function H through the definition of I Λ . Consequently, it is possible to make different choices for decomposing a measure µ; this fact will be exploited in Section 3.
Second microlocalization on a resonant submanifold. Let
d and suppose (after extraction of a subsequence) that its Wigner dis-
. From now on, we shall assume that the time scale (τ h ) satisfies: (18) (hτ h ) is a bounded sequence.
Given Λ ∈ L, the purpose of this section is to study the measure µ⌉ T d ×R Λ by performing a second microlocalization along I Λ in the spirit of [12, 13, 14, 29, 27] and [3, 21] . By Proposition 2.1, it suffices to characterize the action of µ⌉ T d ×R Λ on test functions having only x-Fourier modes in Λ. With this in mind, we shall introduce two auxiliary "distributions" which describe more precisely how w h (t) concentrates along T d × I Λ . They are actually not mere distributions, but lie in the dual of the class of symbols S 1 Λ that we define below. In what follows, we fix ξ 0 ∈ R Λ such that d 2 H(ξ 0 ) is definite and, without loss of generality 7 , we restrict our discussion to normalised sequences of initial data (u h ) that satisfy:
where B(ξ 0 , ǫ/2) is the ball of radius ǫ/2 centered at ξ 0 . The parameter ǫ > 0 is taken small enough, in order that
this implies that I Λ ∩ B(ξ 0 , ǫ) is a submanifold of dimension d − rkΛ, everywhere transverse to Λ , the vector subspace of (R d ) * generated by Λ. 8 By eventually reducing ǫ, we have
by which we mean that any element ξ ∈ B(ξ 0 , ǫ/2) can be decomposed in a unique way as ξ = σ + η with σ ∈ I Λ ∩ B(ξ 0 , ǫ) and η ∈ Λ . We thus get a map
With this decomposition of the space of frequencies, we associate two-microlocal testsymbols. We denote by S 1 Λ the class of smooth functions a (x, ξ, η) on T *
(ii) homogeneous of degree zero at infinity w.r.t. η ∈ Λ , i.e. such that there exist
This can be made by applying a cut-off in frequencies to the data. 8 Note that this is achieved under the weaker hypothesis that d 2 H(ξ) is non-singular and defines a definite biliear form on Λ × Λ . 
(iii) such that their non vanishing Fourier coefficients (in the x variable) correspond to frequencies k ∈ Λ:
We will also express this fact by saying that a has only x-Fourier modes in Λ. Let χ ∈ C ∞ c ( Λ ) be a nonnegative cut-off function that is identically equal to one near the origin. For a ∈ S 1 Λ , R > 1, δ < 1, we decompose a into: a(x, ξ, η) = 3 j=1 a j (x, ξ, η) with
This induces a decomposition of the Wigner distribution:
(when testing against functions a with Fourier modes in Λ), where:
and (23) w
that we shall analyse in the limits h −→ 0 + , R −→ +∞ and δ −→ 0 (taken in that order). One sees that
where µ ∈ M (τ h ) is the semiclassical measure obtained through the sequence (u h ). The restriction of the measure thus obtained to T d ×R Λ vanishes, and we do not need to further analyse the term involving the distribution w
so that the distributions w I Λ h,R,δ (t) and w I Λ ,h,R (t) can be expressed for all t ∈ R by w
The Calderón-Vaillancourt theorem (see [8] or the appendix of [3] for a precise statement) therefore ensures that there exist N ∈ N and C N > 0 such that
As a consequence of (24), both w
possibly extracting subsequences, we have for every ϕ ∈ L 1 (R) and a ∈ S
Remark 2.2. When τ h ≪ 1/h the quantization of our symbols generates a semi-classical pseudodifferential calculus with gain hτ h . The operators Op Λ h (a) are semiclassical both in ξ and η. This implies that the accumulation pointsμ Λ andμ Λ are positive measures (see for instance [14] ).
Because of the existence of R 0 > 0 and of
for R large enough, the value w
, a only depends on a hom . Therefore, the limiting objectμ
′ is zero-homogeneous in the last variable η ∈ R d , supported at infinity, and, by construction, it is supported on ξ ∈ I Λ . This can be also expressed as the fact thatμ Λ is a "distribution" on T d × I Λ × Λ (where Λ is the compactification of Λ by adding the sphere S Λ at infinity) supported on {η ∈ S Λ }. Besides, the distributioñ µ Λ is supported on T d × I Λ × Λ . Indeed, we have for all t,
) term is understood in the sense of the operator norm of L(L 2 (R d )) and depends on R (the fact that we first let h go to 0 + is crucial here).
From the decomposition w h (t) = w
h,R,δ (t) (when testing against symbols having Fourier modes in Λ), it is immediate that the measure µ (t, ·)⌉ T d ×R Λ is related toμ Λ andμ Λ according to the following Proposition.
Then both µ Λ (t, ·) and µ Λ (t, ·) are H-invariant positive measures on T * T d and satisfy:
This proposition motivates the analysis of the structure of the accumulation points µ Λ (t, ·) andμ Λ (t, ·). It turns out that bothμ Λ andμ Λ have some extra regularity in the variable x, although for two different reasons. Our next two results form one of the key steps towards the proof of Theorem 1.2.
Let us first deal withμ
This second definition extends in an obvious way to η ∈ S Λ (the sphere at infinity). On the other hand, the map (x, ξ, η) → φ 1 s|η| (x, ξ, η) extends to η = 0. Theorem 2.4.μ Λ (t, ·) is a positive measure on T d × I Λ × Λ supported on the sphere at infinity S Λ in the variable η. Besides, for a.e. t ∈ R, the measureμ Λ (t, ·) satisfies the invariance properties:
Note that this result holds whenever τ h ≪ 1/h or τ h = 1/h. This is in contrast with the situation we encounter when dealing withμ Λ (t, ·). The regularity of this object indeed depends on the properties of the scale. Theorem 2.5. (1) The distributionsμ Λ (t, ·) are supported on T d × I Λ × Λ and are continuous with respect to t ∈ R. Moreover, they satisfy the following propagation law: 
Remark 2.8. If rk Λ = 1 then (28) implies that, for a.e. t ∈ R, and for any ν ∈ Λ , the measureμ
On the other hand, the invariance by the Hamiltonian flow and Proposition 2.1, imply that
for every v ∈ Λ ⊥ . Using Remark 2.7 and the fact that the Hessian
. given by Proposition 2.3. When τ h = 1/h, Theorem 2.5 implies that the second term defines a positive measure whose projection on T d is absolutely continuous with respect to the Lebesgue measure.
We now give the proof of Theorems 2.4 and 2.5. [16] ; see also the appendix of [3] .
Let us now check the invariance property (28) . We use the following Lemma which gives approximate transport equations by the flow φ 
Remark 2.11. Consider the h-dependent flow
This comes from the fact that for every k ∈ Λ and ξ ∈ R d , one has k · dH(σ(ξ)) = 0.
We postpone the proof of Lemma 2.10 to the end of this section and we start proving (28) . The invariance by the "geodesic flow" φ 0 s is standard and can be proved following the lines of the proof of property 3 in the appendix. Using (20), we have
(along subsequences). Notice that the symbol
is a well-defined element of S 1 Λ , since, for fixed R, a 2 is identically equal to zero near η = 0; moreover
In order to relate (31) to (30) we note that the symbol:
we have used that, on supp a 2 , we have |η(ξ)| ≤ Cδ and the function (33)
is uniformly bounded. On the other hand, by Lemma 2.10 and Remark 2.11, we have
. Therefore, combining (32) and (34) we obtain:
Since |η| > R on the support of a 2 , we have for all
which implies, in view of (35):
Applying again (34) to the left hand side of the above identity concludes the proof of Theorem 2.4. Let us now prove Lemma 2.10.
Proof of Lemma 2.10.
where a(x, ξ, η) = k∈Λ a k (ξ, η)e ik·x . Notice that,
where r h (ξ, ℓ) satisfies, for every K ⊂ R d compact and convex and for every
Therefore, since ϕ is uniformly Lipschitz, we have, for hk, hj ∈ K
Plugging this equation in (36) we obtain:
where the symbol R h a (x, ξ, η) is characterized by its Fourier coefficients :
. Since the function a is compactly supported in (x, ξ), we deduce from the properties of M h and r h that for all β ∈ N d , there exists C β > 0 such that
Passing to the limit h → 0 + allows to conclude the proof of the Lemma.
2.4.
Propagation and regularity ofμ Λ . This section is devoted to proving Theorem 2.5 and showing that, when τ h = 1/h, the distributionμ Λ satisfies a propagation law that involves the family of unitary propagators
We start by proving Theorem 2.5(1). The statement on the support ofμ Λ was already proved in Section 2.2. The propagation law (and hence, the continuity with respect to t) comes from the following result.
Proposition 2.12. For every a ∈ S 1 Λ and every t ∈ R the following holds:
, where
Proof. We use Lemma 2.10 and Remark 2.11 to conclude :
where a 3 is defined by (21) . By definition of φ 1,h t and by Taylor expansion, we obtain
where G is defined by (33) and is bounded and smooth on the support of a 3 . Therefore,
), from which the result follows.
Let us now focus on statement (2) of Theorem 2.5. The result concerning time scales τ h ≪ 1/h was already discussed in Remark 2.2.
From now on, suppose τ h = 1/h. Let us introduce some notations. We consider the set
consisting of functions having only Fourier modes in Λ. For any a ∈ S 1 Λ , and for any σ ∈ I Λ , we can associate the operator Op 1 (a σ (y, η)) which acts on
where a(x, ξ, η) = k∈Λ a k (ξ, η) Thus Op 1 (a σ (y, η) ) is the Weyl quantization of the symbol a σ (y, η) := a(y, σ, η). In particular, for a = a(x, ξ) independent of the variable η, Op 1 (a σ (y)) is the multiplication operator (39)
Op 1 (a σ (y))Φ = a(y, σ)Φ (we will simply denote by a σ (y) this multiplication operator). We have the expression similar to formula (52) in the appendix,
Then, the last statement of Theorem 2.5(2) is a consequence of the following Proposition.
9
Proposition 2.13.
Remark 2.14. (i) The operator-valued measure M is globally defined, it describes the limit of w I Λ ,h,R (t), a for symbols a = a(x, ξ). For symbols a = a(x, ξ, η) ∈ S 1 Λ , one cannot build such a global measure (see Remark 2.19 which emphasizes the technical obstruction).
(ii) Note that for any given σ, the operator e (3) We then conclude by passing to the limit when h → 0 and R → +∞.
First
Step: Construction of the operator U h . We introduce an auxiliary latticeΛ
⊥ is the orthogonal of Λ in the duality sense). We denote by α the projection on Λ , in the direction of
* , we shall denote by σ α ∈ Λ the linear form σ α (y) = σ · α(y). We fix a bounded fundamental domain D Λ for the action of Λ on Λ . For η ∈ Λ , there is a unique {η} ∈ D Λ (the "fractional part" of η) such that η − {η} ∈ Λ. Finally, take
Recall that given a Hilbert space H, L 1 (H) stands for the space of bounded trace-class operators acting on H and, for a Polish space X, M + X; L 1 (H) denotes the set of positive measures taking values on L 1 (H).
supported in the ball B(ξ 0 , ǫ) ⊂ (R d ) * , and identically equal to 1 on B(ξ 0 , ǫ/2). We set for
η·y .
Recall that F is the local coordinate system defined in (19) , with the property that if
for every η ∈ Λ (since the sum has an empty index set). The role of the term e i{ σ α h }·y becomes clear in the following lemma.
Proof. It is enough to show that for any
By definition,
} ∈ Λ , and we want to prove that for any
and we know that σ+η h · k ∈ 2πZ. We then use the fact that there exists λ ∈ Λ such that
+ λ, and write
and we also have λ · k ∈ 2πZ, which concludes the proof.
and we have the following Plancherel-type formula.
Lemma 2.16. If f is (2πZ) d -periodic, then we have
Second step: Link between w I Λ ,h,R and U h . It is in this step that we really see the relevance of the objects introduced previously. It comes from the two following lemmas :
Proof. We have by (26) ,
Then, using (52)
We write
which is the desired expression.
To simplify the notation in the computations that follow, we set:
Lemma 2.18. For any a ∈ S 1 Λ , for any t ∈ R,
Proof. We use Proposition 2.12 and apply Lemma 2.17 to the symbol b 0 (t, x, ξ, η) which was defined in the proof of Proposition 2.12 (see (38) with h = 0). Then, the result follows by using the fundamental property of the Weyl quantization, namely that, since A (σ, η) is quadratic in η and does not depend on y:
Third step: Passing to the limit. If a ∈ S 1 Λ is compactly supported in η, the map σ −→ Op 1 (a σ (y, η)) belongs to the Banach space
. 10 The dual of this space is
, the space of trace-class operator valued measures. Let us consider the element ρ h ∈ M Λ , defined by letting
. We consider M(σ) a weak- * limit of the family ρ h in M Λ and we now restrict our attention to symbols a ∈ S 1 Λ that do not depend on η. We write
and we obtain
Remark 2.19. The arguments used to get rid of the term { σ α h } crucially exploit the presence of a factor 1/R in front of it. Such an argument cannot be used for symbols a ∈ S 1 Λ which depends non trivially of the variable η as in Lemma 2.17. In such a situation, by working in L 2 (R d ), one can define locally an operator-valued measure M; however, this object cannot be globally defined on the torus.
3. An iterative procedure for computing µ 3.1. First step of the construction. What was done in the previous section can be considered as the first step of an iterative procedure that allows to effectively compute µ(t, ·) solely in terms of the sequence of initial data (u h ). Recall that we assumed in §2.2, without loss of generality, that the projection on ξ of µ (t, ·) was supported in a ball contained in R d \ C H . We have decomposed this measure as a sum
where Λ runs over the set of primitive submodules of Z d , and where
From Theorem 2.5, the distributionsμ Λ have the following properties :
and all its x-Fourier modes are in Λ; with respect to the variable ξ,μ Λ (t, dx, dξ, dη) is supported in I Λ ;
(2) if τ h ≪ 1/h then for every t ∈ R,μ Λ (t, ·) is a positive measure and:
an absolutely continuous measure on T d . In fact, with the notations of Section 2.4, we have, for every a ∈ C ∞ c T * T d with Fourier modes in Λ,
On the other hand, the measuresμ Λ satisfy:
(1) for a ∈ S 1 Λ , μ Λ (t, dx, dξ, dη), a(x, ξ, η) is obtained as the limit of
) and all its x-Fourier modes are in Λ. With respect to the variable η, the measureμ Λ (t, dx, dξ, dη) is 0-homogeneous and supported at infinity : we see it as a measure on the sphere at infinity S Λ . With respect to ξ it is supported on {ξ ∈ I Λ }; (3)μ Λ is invariant by the two flows,
This is the first step of an iterative procedure; the next step is to decompose the measure µ Λ (t, ·) according to primitive submodules of Λ. We need to adapt the discussion of [3] ; to this aim, we introduce some additional notation.
Fix a primitive submodule
where the orthogonal is always taken in the sense of duality. We note that Λ η (σ, Λ 1 ) is a primitive submodule of Λ 1 , and that the inclusion
We define:
to be the projection onto Λ 2 with respect to this decomposition.
3.2.
Step k of the construction. In the following, we set Λ = Λ 1 , corresponding to step k = 1. We now describe the outcome of our decomposition at step k (k ≥ 1); we will indicate in §3.3 how to go from step k to k + 1, for k ≥ 1.
At step k, we have decomposed µ(t, ·) as a sum
where the sums run over the strictly decreasing sequences of primitive submodules of (Z d ) *
(of lengths l ≤ k in the first term, of length k in the second term). We have
The distributionsμ
have the following properties :
(1)μ
and all its x-Fourier modes are in Λ l ; with respect to ξ it is supported in I Λ 1 ; (2) for every t ∈ R,μ
is a positive measure and
where, for (x, ξ, η 1 , .., 
where a σ is the multiplication operator defined in (39),ρ
On the other handμ
Finally, we define the space S 3.3. From step k to step k + 1 (k ≥ 1). After step k, we leave untouched the term
Using the positivity ofμ Λ 1 Λ 2 ...Λ k , we use the procedure described in Section 2.1 to write
, where the sum runs over all primitive submodules Λ k+1 of Λ k . Moreover, by Proposition 2.1, all the x-Fourier modes ofμ
are in Λ k+1 . To generalize the analysis of Section 2.2, we consider test functions in S k+1 Λ k+1
. We let
By the Calderón-Vaillancourt theorem, both w
After possibly extracting subsequences, we can take the following limits :
lim
and lim
Then the properties listed in the preceeding subsection are a direct generalisation of Theorems 2.4 and 2.5 (see also [3] , Section 4) and writing
..Λ k+1 = 0, and the induction stops. Similarly to Remark 2.8, one can also see that if rk Λ k+1 = 1, the invariance properties ofμ Λ 1 Λ 2 ...Λ k+1 imply that it is constant in x.
Remark 3.2. Note that in the preceding definition of k-microlocal Wigner transform for k ≥ 1, we did not use a parameter δ tending to 0 as we did when k = 0 in order to isolate the part of the limiting measures supported above R
(σ). This comes directly from the restrictions made in (40) and (41).
3.4.
Proof of Theorem 1.8. This iterative procedure allows to decompose µ along decreasing sequences of submodules. In particular, when τ h ∼ 1/h, it implies Theorem 1.8. Indeed, to end the proof of Theorem 1.8, we let
where Λ 1 , . . . , Λ k run over the set of strictly decreasing sequences of submodules ending with Λ. We know that µ
is supported on {ξ ∈ I Λ 1 }, and since Λ ⊂ Λ 1 we have I Λ 1 ⊂ I Λ . We also let 
where P denotes the periodization operator Pv (x) :
1. It is not hard to check that (u h ) is h-oscillatory. 
Proof. Start noticing that the sequence (u h ) has the unique semiclassical measure µ 0 = δ x 0 ⊗ δ ξ 0 . Using property (4) in the appendix, we deduce that the image µ of µ (t, ·) by the projection from
Since for every primitive module Λ ⊂ Z d the positive measure µ Λ is supported on R Λ , and these sets form a partition of R d , we conclude that µ Λ = 0 unless Λ = Λ ξ 0 and therefore µ = µ Λ ξ 0 . Therefore, in order to characterize µ it suffices to test it against symbols with Fourier coefficients in Λ ξ 0 . Let a ∈ C ∞ c T * T d be such a symbol; we can restrict our attention to the case where a is a trigonometric polynomial in x. Let ϕ ∈ L 1 (R). Recall that, by Lemma 2.10, the Wigner distributions w h (t) of S
moreover the Poisson summation formula ensures that the Fourier coefficients of u h are given by:
Combining this with the explicit formula (52) for the Wigner distribution presented in the appendix we get:
Now, since k − j ∈ Λ ξ 0 we can write:
By hypothesis, both ρ and k −→ a k (ξ) are compactly supported, and hence the sum (44) only involves terms satisfying:
for some fixed R. This in turn implies
This shows that the limit of (44) as h −→ 0 + coincides with that of:
which is precisely:
since a has only Fourier modes in Λ ξ 0 .
We next present a slight modification of the previous example in order to illustrate the two-microlocal nature of the elements of M (τ ). Define now, for η 0 ∈ R d :
where v h was defined in (42). 
where µ (x 0 ,ξ 0 ) is the uniform orbit measure defined in (43).
Proof. The same argumenta we used in the proof of Proposition 4.1 gives µ = µ Λ ξ 0 . We claim that w I Λ ξ 0 ,h,R (0) converges to the measure:
Assume this is the case, then Proposition 2.12 implies:
and, since µ Λ ξ 0 (t, ·) are probability measures, it follows from Proposition 2.3 that µ Λ ξ 0 = 0 and:
Let us now prove the claim. Setũ
Consider h 0 > 0 and χ ∈ C ∞ 0 (R d ) such that χũ h =ũ h for all h ∈ (0, h 0 ) and Pχ 2 ≡ 1. We now take a ∈ S 1 Λ and denote byã the smooth compactly supported function defined on R d byã = χ 2 a. Using the fact that the two-scale quantization admits the gain hτ h (see Remark 2.2),
Therefore, it is possible to lift the computation of the limit of w I Λ ξ 0 ,h,R (0) to T * R d × Λ ξ 0 and, in consequence, replace sums by integrals. A direct computation gives:
which implies that dF (ξ)k = (0, k) and dη(ξ)k = k for all k ∈ Λ ξ 0 . We deduce dη(ξ 0 )η 0 = η 0 since η 0 ∈ Λ ξ 0 and, in view of η(ξ 0 ) = 0, a Taylor expansion of η(ξ) around ξ 0 gives
Therefore, as h goes to 0,
Singular concentration for Hamiltonians with critical points.
We next show by a quasimode construction that for Hamiltonians having a degenerate critical point (of order k > 2) and for time scales τ h ≪ 1/h k−1 , the set M (τ ) always contains singular measures.
Suppose ξ 0 ∈ R d is such that:
The Hamiltonian H(ξ) = |ξ| k (k an even integer -corresponding to the operator (−∆) k 2 ) provides such an example (with ξ 0 = 0). Let u h = Pv h , where v h is defined in (42). If ε h ≫ h it is not hard to see that
Therefore,
and, it follows that, for compactly supported ϕ ∈ L 1 (R) and a ∈ C ∞ c T *
Choosing (ε h ) tending to zero and such that ε h ≫ τ h h k−1 1/k , the latter quantity converges to a(x 0 , ξ 0 ) ϕ L 1 (R) as h −→ 0 + . In other words,
whence dt ⊗ δ x 0 ∈ M(τ ).
Remark 4.3. In the special case of H(ξ) = |ξ| k (k an even integer), we know that the threshold τ H h is precisely h 1−k . From the discussion of §5 and previously known results about eigenfunctions of the laplacian, we know that the elements of M(τ ) are absolutely continuous for τ h ≫ 1/h k−1 . In the case of τ h = 1/h k−1 , one can still show that elements of M(τ ) are absolutely continuous. This requires some extra work which consists in checking that all our proofs still work in this case for τ h = 1/h k−1 and ξ in a neighbourhood of ξ 0 = 0, replacing the Hessian d 2 H(ξ 0 ) by d k H(ξ 0 ), and the assumption that the Hessian is definite by the remark that d k H(ξ 0 ).ξ k = 0 =⇒ ξ = 0 .
In the general case of a Hamiltonian having a degenerate critical point, the existence of such a threshold, and its explicit determination, is by no means obvious.
4.3.
The effect of the presence of a subprincipal symbol. Here we present some remarks concerning how the preceding results may change when the Hamiltonian H(hD x ) is perturbed by a small potential h β V (t, x). Suppose V ∈ L ∞ It follows that for ϕ ∈ L 1 (R) and a ∈ C and it is not hard to see that µ is concentrated on {x 2 = 0, ξ 1 = 1, ξ 2 = 0}. In particular the image of µ by the projection to T 2 is supported on {x 2 = 0}.
Hierarchies of time scales
The following results makes explicit the relation between the sets M (τ ) as the time scale (τ h ) varies.
Proposition 5.1. Let (τ h ) and (σ h ) be time scales tending to infinity as h −→ 0 + such that lim h→0 + σ h /τ h = 0. Then for every µ ∈ M (τ ) and almost every t ∈ R there exist µ t ∈ Conv M (σ) such that Before presenting the proof of this result, we shall need two auxiliary lemmas. measure zero such that, for a ∈ S and t ∈ R \ N, (49) lim ε→0 + Our assumptions on the semiclassical measure of the initial data implies that, for a.e. t ∈ R:
projection of any semiclassical measure corresponding to the sequence of initial data (u h ) thenμ = µ 0 . For the reader's convenience, we next prove statements (3) and (4) (see also [20] for a proof of these results in the context of the Schrödinger flow e iht∆ on a general Riemannian manifold). Let us begin with the invariance through the Hamiltonian flow. We set a s (x, ξ) := a(x + sdH(ξ), ξ) = a • φ s (x, ξ). Op h (a)S
Since θ(· + s/τ h ) − θ L 1 −→ 0 (recall that we have assumed that τ h −→ ∞ as h −→ 0 + ) we obtain h Op h (a(ξ))S s h = 0 (for a only depending on ξ we have Op h (a) = a(hD x ), which commutes with H(hD x )). Therefore, taking limits we find, for every θ ∈ L 1 (R):
where µ 0 is any accumulation point of w h u h
. As a consequence of this, we find that µ does not depend on t and:
